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@ Introduction
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Intro: The Asymptotic Covariance Matrix

We all know that under certain conditions
VN (éN - 90) € AsN (0, P)
where P also is the asymptotic covariance matrix
P=AsCovly 2 lim N - E [(éN — Eon)T(Oy — Eby)

(we assume vectors to be row vectors.)
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Intro: Pandora’s (Black) Box

An enormous amount of model error information hidden in P:
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Intro: Pandora’s (Black) Box

An enormous amount of model error information hidden in P:
@ Structural

@ Model structure (ARX, ARMAX, Box-Jenkins, non-linear,...)
Model order

Open vs closed loop

Input channels and input excitation

Sensor channels

Noise
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Impulse response coefficients
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Control applications
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Many have contributed to revealing the secrets of P!

Frequency function

Impulse response coefficients

Gains
Poles and zeros
Control applications
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Intro: This talk

Yet another attempt to decipher P,
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Intro: This talk

Yet another attempt to decipher P,

but through a backdoor:

@ Geometrical interpretation
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9 The structure of the asymptotic covariance matrix P
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The structure of P

A non-singlular P can always be written as

P=[(v,v)]"
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The structure of P

A non-singlular P can always be written as
P=[(¥,¥)™

where ¥ : C — C™*™, for some integer m > 0 depending on the model
structure,
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The structure of P

A non-singlular P can always be written as
P=[(w,u)"
where ¥ : C — C™*™, for some integer m > 0 depending on the model

structure,
and where

(U, ) = %/_ﬂ (eI U* (/) dw

(inner products between the rows of ¥)
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The structure of P: Example 1 - FIR models

n
Yt = Zek u—k + e =0pf +e
k=1
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The structure of P: Example 1 - FIR models

n
Yt = Zek u—k + e =0pf +e
k=1

P=x[E[¢fe]]”

(KTH) A geometric approach ERNSI 2007 9/64



n
Yt :Zek u—k + e =0pf +e

k=1
P = [BleTe]]”
S L e
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The structure of P: Example 1 - FIR models

(KTH)

n
Yt :Zek u—k + e =0pf +e

k=1
—1
P =X [E ¢l o]
To T e Tp—1
T1 To . T'n—2
E [¢f 1] =
Tm—1 Tn—2 To
= L[ T @)@ )T (e)
27T . n u n
_ T
where I',,(q) = [¢7* q "]
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The structure of P: Example 1 - FIR models

n
Yt :Zek u—k + e =0pf +e

k=1
—1
P =X [E ¢l o]
To T e Tp—1
T1 To . T'n—2
E [¢f o] =
m—1 Th—2 ... To
= L[ T @)@ )T (e)
27T . n u n
_ 1T
where Ty (q) = [¢7' ... ¢"]

= P = (T,02// A0, Tu®L2/\/A,) = (U, W)
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The structure of P: Example 2 - NFIR models

Zekut K+ Z Ok (wr—(e—n))® + et

k=n+1



The structure of P: Example 2 - NFIR models

n m
Yr = Z Or ug—p + Z O (Ut—(k—n))2 e =0p +e
k=1 k=n+1
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' The structure of P; Example 2 - NFIR models

n m
Yr = Z Or ug—p + Z O (Ut—(k—n))2 e =0p +e
k=1 k=n+1

Or = [Wp—1,. .., Ut—n, (ut_l)z, ol (ut_m)z]
= (M(q)z)"

where
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' The structure of P; Example 2 - NFIR models

n m
Yr = Z Or ug—p + Z O (Ut—(k—n))2 e =0p +e
k=1 k=n+1

Or = [Wp—1,. .., Ut—n, (ut_l)z, ol (ut_m)z]
= (M(q)z)"

where

1
= U=——M®/2
Vo N
where <I>,1,/2 is a Cholesky factor of @,, the spectrum of z.
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The structure of P: Other quantities

Typically not the parameters ¢ directly we are interested in, but rather
some function

J(6) : R — C1xe;
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some function

J(0) : RI*" — Cl*9;
@ frequency function
@ impulse response
@ system gain
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The structure of P: Other quantities

Typically not the parameters ¢ directly we are interested in, but rather
some function

J(0) : RI*" — Cl*9;
@ frequency function
@ impulse response
@ system gain

AsCov J(Oy) = AT [(¥, 0)] 'R
where

A2 J(0,) € Cxa
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e A refresher on orthogonal projection
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A refresher on orthogonal projection: Scalar case
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A refresher on orthogonal projection: Scalar case

Least squares estimation

Y=00+F
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(Y and 6 are row vectors)
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(Y and 6 are row vectors)

Y =voT [007] ' @
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(Y and 6 are row vectors)

Y =voT [007] ' @ Y
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Least squares estimation

Y=00+FE Y
—— E g;’ b, } Dy
(Y and 6 are row vectors) — g
Y =voT [007] ' @ Y

General case: .
Letthe rows of X = [z z2 ... z,] spana(closed) subspace Sx
to a Hilbert space H.
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(Y and 6 are row vectors)

Y =voT [007] ' @ Y

General case:

Letthe rows of X = [z1 z2 ... xn]T span a (closed) subspace Sx
to a Hilbert space H.

Then the projection of f € H on Sx is given by

f=X) XX X
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A refresher on orthogonal projection: MV-case

Multi-output least squares estimation
Y=00+F
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A refresher on orthogonal projection: MV-case

Multi-output least squares estimation
Y=00+F

o
—— HE—a %
Y =voT [007] ' @

Same equation as before. Each row of Y projected on the row space
of ®.
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A refresher on orthogonal projection: MV-case

Multi-output least squares estimation
Y=00+F

—— e

Y =voT [007] ' @
Same equation as before. Each row of Y projected on the row space
of ®.

General case:
The projection of f; € H,i=1,...,n on Sx is given by the rows of
fF= (LX) UX, X)X

where f=[fi fo ... fa]"
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" A refresher on orthogonal projection: The norm

f=X XX X
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" A refresher on orthogonal projection: The norm

f=X XX X

The “norm” of the projection:

(f. ) = (F X (X X)X )

(KTH) A geometric approach ERNSI 2007 15/ 64



' A refresher on orthogonal projection

N

()= (1 X [X XX )

(KTH) A geometric approach ERNSI 2007 16/ 64



A refresher on orthogonal projection

()= (1 X [X XX )

Hmmm, didn’t | just see something similar a minute ago????
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' A refresher on orthogonal projection

()= (1 X [X XX )

Hmmm, didn’t | just see something similar a minute ago????
AsCov J(Oy) = AT [(¥, ¥)] 1A

What if A = (¥, ~) for some function v?
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' A refresher on orthogonal projection
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' A refresher on orthogonal projection

()= (1 X [X XX )

Hmmm, didn’t | just see something similar a minute ago????
AsCov J(Oy) = AT [(¥, ¥)] 1A
What if A = (¥, ~) for some function ~?

AsCov J(On) = (,4) = (Projs,{}, Projs,{7})

Take home message

Scalar quantities: The asymptotic variance is the squared norm of ~
projected onto the subspace spanned by the rows of V.
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@ A geometric interpretation of P
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A geometric interpretation of P

AsCov J(On) = (4,4) = (Projs,{}, Projs,{7})

Scalar quantities: The asymptotic variance is the squared norm of ~
projected onto the subspace spanned by the rows of W.

Why is this useful?
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projected onto the subspace spanned by the rows of W.
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@ Often ~ can be chosen so that it only depends on the quantity .J ()
of interest
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Scalar quantities: The asymptotic variance is the squared norm of ~
projected onto the subspace spanned by the rows of W.
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@ Often ~ can be chosen so that it only depends on the quantity .J ()
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@ The influence on ¥ from model structure, model order,
experimental conditions often simple to establish.
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A geometric interpretation of P

AsCov J(On) = (4,4) = (Projs,{}, Projs,{7})
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A geometric interpretation of P

AsCov J(On) = (4,4) = (Projs,{}, Projs,{7})

Scalar quantities: The asymptotic variance is the squared norm of ~
projected onto the subspace spanned by the rows of W.

Why is this useful?
@ Often ~ can be chosen so that it only depends on the quantity .J ()
of interest
@ The influence on ¥ from model structure, model order,
experimental conditions often simple to establish.
Decoupling!
The main contribution in this talk: A methodology to analyze the
asymptotic covariance matrix.
Examples will be used to illustrate this.
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9 Structural results
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Structural results: Adding parameters

Example: FIR system

n
ytZZQk Ui + € :0g0tT+et

k=1
P=[(v,¥)]""
1
U= r,o./?
Vo
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Structural results: Adding parameters

Example: FIR system

n
yt:ZQk Uk + € :990tT+€t

k=1
P =[(¥,¥)]"
1
U= r,oL?
Vo

True order n =n,, J = J(61,...,6,,).

(KTH) A geometric approach ERNSI 2007 20/ 64



Structural results: Adding parameters

Example: FIR system

n
yt:ZQk Uk + € :QSOtT‘f‘et

k=1
P =[(¥,¥)]"
1
U= r,oL?
Vo

True order n =n,, J = J(61,...,6,,).
What happens with the accuracy if we over-model (n > n,)?
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" Adding parameters: FIR example

AsCovJ(éN)z[O A }[(Q,Qﬂ_l [0 A ]
(n-mo)xq (n-me)xa



' Adding parameters: FIR example

where
Q F (1)11/2 _ |:Fno :| (I)QIL/Q
"V Then] Ve
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' Adding parameters: FIR example

where
Q=r e/ _ [Fn] ®,/?
"V Tnonl VA,
where
Cinn(z) = [¢7(m+D) z_”]T.
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' Adding parameters: FIR example

where
Q=r e/ _ [Fn] ®,/?
"V Tnonl VA,
where
Cin(z) = [o7mHD) z_”]T.

The question is now how large A* [(¥, ¥)] ! A is in comparison with
the expression above.

(KTH) A geometric approach ERNSI 2007 21/64



Structural results: Adding parameters

Geometrical result

Let X and ) be two subspaces of £5* such that X C Y C £7* and let
v € L3™. It then holds that

(Projy{}, Projy{n}) — (Proja{v}, Proja{7})
= (Projy1 (v}, Projyryiv}) > 0

(X+(Y) denotes the orthogonal complement of X in )
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(Projy{}, Projy{n}) — (Proja{v}, Proja{7})
= (Projy1 (v}, Projyryiv}) > 0

(X+(Y) denotes the orthogonal complement of X in )

@ The asymptotic covariance can never decrease when parameters
are added
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v € L3™. It then holds that

(Projy{}, Projy{n}) — (Proja{v}, Proja{7})
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(X+(Y) denotes the orthogonal complement of X in )

@ The asymptotic covariance can never decrease when parameters
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@ Above expression provides a quantification for the increase
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Structural results: Adding parameters

Geometrical result

Let X and ) be two subspaces of £5* such that X C Y C £7* and let
v € L3™. It then holds that

(Projy{}, Projy{n}) — (Proja{v}, Proja{7})
= (Projy1 (v}, Projyryiv}) > 0

(X+(Y) denotes the orthogonal complement of X in )

@ The asymptotic covariance can never decrease when parameters
are added

@ Above expression provides a quantification for the increase

@ No increase if v orthogonal to the orthogonal complement of X in
N
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' Adding parameters: FIR example

, AT 1 A
AsCov J(Oy) = [ } (Q,Q [ ]
N O(n—no)xq [ >] O(n—no)xq

ot [T, 10 . (W
where Q =T,,—— = [Tno,n] 2 [(I)]

Vo Ve
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' Adding parameters: FIR example

, AT 1 A
AsCov J(Oy) = [ } (Q,Q [ ]
N O(n—no)xq [ >] O(n—no)xq

ot [T, 10 . (W
where Q =T,,—— = [Tno,n] 2 [(I)]

Vo Ve
X =8y CSqg=D.
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' Adding parameters: FIR example

, AT 1 A
AsCov J(Oy) = [ } (Q,Q [ ]
N O(n—no)xq [ >] O(n—no)xq

ot [T, 10 . (W
where Q =T,,—— = [Tno,n] 2 [(I)]

Vo Ve
X =8y CSqg=D.

A property of a suitable ~: (Q,~) = [ ie.v L Sg.

O(n—na)xlj
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' Adding parameters: FIR example

, AT 1 A
AsCov J(Oy) = [ } (Q,Q [ ]
N O(n—no)xq [ >] O(n—no)xq

e.> [T, ]2/ 4 [V
where Q =T, —— = | ™ | = £

Vo [Tno,n] Vo {‘1’]
X =8y CSqg=D.

A property of a suitable ~: (Q,~) = [ ie.v L Sg.

O(n—na)xlj

@ No increase:
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' Adding parameters: FIR example

, AT 1 A
AsCov J(Oy) = [ } (Q,Q [ ]
N O(n—no)xq [ >] O(n—no)xq

e.> [T, ]2/ 4 [V
where Q =T, —— = | ™ | = £

Vo [Tno,n] Vo {‘1’]
X =8y CSqg=D.

A property of a suitable ~: (Q,~) = [ ie.v L Sg.

O(n—na)xlj

@ Noincrease: (®,¥) =0
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' Adding parameters: FIR example

, AT 1 A
AsCov J(Oy) = [ } (Q,Q [ ]
N O(n—no)xq [ >] O(n—no)xq

e.> [T, ]2/ 4 [V
where Q =T, —— = | ™ | = £

Vo [Tno,n] Vo {‘1’]
X =8y CSqg=D.

A property of a suitable ~: (Q,~) = [ ie.v L Sg.

O(n—na)xlj

@ Noincrease: (®,V) =0 Sp L Sy

(KTH) A geometric approach ERNSI 2007 23/64



' Adding parameters: FIR ex

A

AsCov J(Oy) = [0
(n—no

where Q =T, —— =

Vo
X =8y CSqg=D.

A property of a suitable v: (©2,7) = [

|

@1/2 [Fno ] q)zlL/Q .
Fno,n

ample

el

O(n—na)xlj

@ Noincrease: (®,¥) = 0& Sg L Sy =

S3(Sa) = S

(KTH) A geometric approach
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' Adding parameters: FIR ex

A

AsCov J(Oy) = [0
(n—no

where Q =T, —— =

Vo
X =8y CSqg=D.

A property of a suitable v: (©2,7) = [

|

@1/2 [Fno ] q)zlL/Q .
Fno,n

ample

el

O(n—na)xlj

@ Noincrease: (®,¥) = 0& Sg L Sy =
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' Adding parameters: FIR example

A

. * B A
AsCov Jiw) = [0( ) } a7 [0< ) ]
n—no)Xq n—mne)Xq

Vi

where Q =T, —— =

V >\0 Fno,n

X =8y CSq=D.
A property of a suitable ~: (Q,~) = [ }
O(n—na)xq

@ Noincrease: (®,¥) = 0& Sg L Sy =
S (Sq) = So= Projsi (s, {7} = 0 (< also holds)

(KTH) A geometric approach
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' Adding parameters: FIR example

A

. * B A
AsCov Jiw) = [0( ) } a7 [0< ) ]
n—no)Xq n—mne)Xq

Vi

where Q =T, —— =

V >\0 Fno,n

X =8y CSqg=D.

A property of a suitable ~: (Q,~) = [0 }
(n—no)Xgq

@ Noincrease: (®,¥) = 0& Sg L Sy =
S (Sq) = So= Projsi (s, {7} = 0 (< also holds)

@ Strict increase:

(KTH) A geometric approach
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' Adding parameters: FIR example

A

. * _ A
AsCov J(B) = [0( )X } {62, 0] 1 [0( ) x ]
n—ne)Xq n—ne)xq

Vi

where Q =T, —— =

V4 >\o Fno,n

X =8y CSq=).

A property of a suitable ~: (Q,~) = [0 }
(n—no)Xgq

@ Noincrease: (®,¥) = 0& Sg L Sy =
S (Sq) = So= Projsi (s, {7} = 0 (< also holds)

@ Strict increase:(®, ¥) full column rank.

(KTH) A geometric approach
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Structural results: Adding parameters - FIR

example

@ No increase: If and only if (®,¥) =0
@ Strict increase: (@, ¥) full column rank.
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Structural results: Adding parameters - FIR

example

@ No increase: If and only if (®,¥) =0
@ Strict increase: (@, ¥) full column rank.

FIR example:

(®,0) =(T, n®Y/2 T, ®L/2)

o *~u
Tn, Tne—1
A Tno+1 Tno

= Rno,n

(KTH) A geometric approach
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Structural results: Adding parameters - FIR

example

@ No increase: If and only if (®,¥) =0
@ Strict increase: (@, ¥) full column rank.

FIR example:
<CI)7 q’) =<Fn07nq)%/27 Fnoq)}/Q)
Tno Tno—l e 1
— Rno,n S Tnc:+1 Tno - r2 )
Tn—1 Th—2 - Tn-n,
@ Noincrease: Ifandonlyifry =...=7r,-1 =0
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Structural results: Adding parameters - FIR

example

@ No increase: If and only if (®,¥) =0
@ Strict increase: (@, ¥) full column rank.

FIR example:
<CI)7 q’) =<Fn07nq)%/27 Fnoq)}/Z)
Tno Tno—l e 1
— Rng,n S Tnc:+1 Tno - r2 )
Tn—1 Th—2 - Tn-n,
@ Noincrease: Ifandonlyifry =...=7r,-1 =0

@ Strict increase: If and only if R, ,, has full column rank (n > 2n,
necessary condition)
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Structural results: Adding parameters

@ No increase: If and only if (&, ¥) =0
@ Strict increase: (®, ¥) full column rank.

Derivation not tied to the FIR example.
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Structural results: Adding parameters

@ No increase: If and only if (®,¥) =0
@ Strict increase: (®, ¥) full column rank.

Derivation not tied to the FIR example.

Generalization immediate!
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Structural results: Adding parameters - NFIR

n m
Yr = Z Ok wi—k + Z Ok (wi—(k—n))” + 1 = 0p] + e
k=1 k=n+1

1

U=
Ve

M®L/2,

where /% is a Cholesky factor of @, the spectrum of z = [u; u?]T.
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Yr = Z Ok wi—k + Z Ok (wi—(k—n))” + 1 = 0p] + e
k=1 k=n+1

1

U=
Ve

M®L/2,

where /% is a Cholesky factor of @, the spectrum of z = [u; u?]T.

White input with E[u}] # 0:
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" Structural results: Adding parameters - NFIR

n m
Yt = Zek U, + Z Ok (wi—(k—n))” + 1 = 0p] + e
k=1 k=n+1

1

U=
Ve

M®L/2,

where /% is a Cholesky factor of @, the spectrum of z = [u; u?]T.

White input with E[u}] # 0:

E[u2 T, 0
‘I/ é Elu3 E2[y3
o D y/Blud) = i T
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Structural results: Adding parameters - NFIR

n m
= Zﬁk Utk + Z 0% (ut_(k_n))2 + e = 9(,0? + e
k=1 k=n+1

1
U= MY
NV

where /% is a Cholesky factor of @, the spectrum of z = [u; u?]T.
White input with E[u}] # 0:

B[] T, 0
VS e o gy - Bl
B2 " (] = Fpa

Compare the asymptotic covariance of the first 2n parameters when
estimating m = 2n and m > 2n non-linear parameters.
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" Structural results: Adding parameters - NFIR

E[u?] T, 0
LA 47 _ E2[ud]
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" Structural results: Adding parameters - NFIR
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US| B 1 _ 2]
o) Fn E[Ut] T B2l Fn
Elu?] ui]
A | _E[uf] 47 _ E2[uf]
v [ ot P B F"’m}

@ Sy L S = No increase in the asymptotic covariance of the linear
parameters and the first n non-linear parameters from additional
non-linear parameters.
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Structural results: Adding parameters - NFIR

E[u?] T, 0
LA 47 _ E2[ud]
B 1" Blur] = Bpa7 Tn
A& | _Bluf] 4 _ B[]
v [ ot P B F"’m}

@ Sy L S = No increase in the asymptotic covariance of the linear
parameters and the first n non-linear parameters from additional
non-linear parameters.

@ Can also easily show that increase is strict for the linear
parameters when more than n non-linear parameters are
estimated.
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Structural results: Adding sources

FIR system with second input:

n m
Yt = Z O (wi—r + wi—g) + Z Ontk Wi—k + €
k=1 k=1
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Structural results: Adding sources

FIR system with second input:

n m
Yt = Z O (wi—r + wi—g) + Z Ontk Wi—k + €
k=1 k=1

This system can be written in linear regression form using

T _ r, r, Ut
Pt Omxl Fm Wt
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Structural results: Adding sources

FIR system with second input:

n m
Yt = Z O (wi—r + wi—g) + Z Ontk Wi—k + €
k=1

k=1

This system can be written in linear regression form using

r
T n
L |:0m><1
r,o Tl |2
. n nl VA
V= \Ile B |:0m><1 1_‘m:|

(KTH)

I, ]
Lo |

A geometric approach

Ut
Wt
pl/2

I BVew

0m><1
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Structural results: Adding sources

FIR system with second input:
n m
Yt = Z O (wi—r + wi—g) + Z Ontk Wi—k + €
k=1 k=1
This system can be written in linear regression form using

I, T, [w
Wi

o1/ T oL/ oL/
oo o[ Tn L% 0| _ % BT
- e — 1/2 - 1/2
Ole Fm 0 Dy 0 Sy 1—‘
/AD_ mx1 /AD m

Second column of ¥ due to the new input w, but also m new rows due
to the additional parameters 6,11, . .., 6, that need to be estimated.
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Structural results: Adding sources

FIR system with second input:

n m
ye= Ok (Wi +wi k) + > Ok wi i + e

k=1 k=1
1/2 1/2
D, D
\I} _ /Ao Fn )\o Fn
“lo gy
mx1 Vg - m
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Structural results: Adding sources

FIR system with second input:

n m
ye= Ok (Wi +wi k) + > Ok wi i + e

k=1 k=1
1/2 1/2
D, D
\I} _ /Ao Fn )\o Fn
“lo gy
mx1 Vg - m

We're only interested in 6, ..., 6,.
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FIR system with second input:
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ye= Ok (Wi +wi k) + > Ok wi i + e

k=1 k=1
1/2 1/2
D, D
\I} _ /Ao Fn )\o Fn
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mx1 Vg - m

We're only interested in 6, ..., 6,.
Will using w increase the accuracy?
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Structural results: Adding sources

FIR system with second input:

n m
ye= Ok (Wi +wi k) + > Ok wi i + e

k=1 k=1
1/2 1/2

D, T D T

\I} _ /Ao n /)\o n
“lo gy

mx1 Vg - m

We're only interested in 6, ..., 6,.
Will using w increase the accuracy?

+ SNR in first terms increase
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Structural results: Adding sources

FIR system with second input:

n m
ye= Ok (Wi +wi k) + > Ok wi i + e

k=1 k=1
1/2 1/2

D, T D T

\I} _ /Ao n /)\o n
“lo gy

mx1 Vg - m

We're only interested in 6, ..., 6,.
Will using w increase the accuracy?
+ SNR in first terms increase
- m additional parameters has to be estimated
ERNSI 2007 29/64
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Structural results: Geometric analysis

Let ¥ e £L3*™, let A € C"*? and
R 1/’]
_05n><m n
Assume that (¥, ¥) > 0 and (¥, ¥.) > 0 and define

X &N (U, 1) A - _ogfxqr [(We, we)] ™! [ogij
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Structural results: Geometric analysis

Let ¥ e £L3*™, let A € C"*? and
v b Y]
_05n><m n
Assume that (¥, ¥) > 0 and (¥, ¥.) > 0 and define

wewpwaa- o | iew o ]

X = (PTOjsqlle sa)l7h Projsq%e sy} 20

where v £ A* [(®, )] ' &, & £ (U Opxom), & [g]

<

(KTH) A geometric approach ERNSI 2007 30/64
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L2 oY/
W= [V 1/°F [ ; ﬂ
e v 4 =

Omx1 w Fm Osnxm M

Difference given by <Proj$$e (SQ){W}, Proqulve syl

(KTH) A geometric approach ERNSI 2007
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,, ®y/°
A i S R
Opmx1 \/er Osnxm 7

Difference given by <Proj$$e (SQ){W}, Proqulve syl

®=[¥ 0

Suppose m > n (i.e. at least as many parameters associated with w as
with » needs to be estimated):
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A i S R
Opmx1 \/er Osnxm 7

Difference given by <Proj$$e (SQ){W}, Proqulve syl

®=[¥ 0

Suppose m > n (i.e. at least as many parameters associated with w as
with » needs to be estimated): = Sg C Sy,
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,, ®y/°
A i S R
Opmx1 \/er Osnxm 7

Difference given by <Proj$$e (SQ){W}, Proqulve syl

®=[¥ 0

Suppose m > n (i.e. at least as many parameters associated with w as
with » needs to be estimated): = S C Sy, = Sq = Sy,
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,, ®y/°
A i S R
Opmx1 \/er Osnxm 7

Difference given by <Proj$$e (SQ){W}, Proqulve syl

®=[¥ 0

Suppose m > n (i.e. at least as many parameters associated with w as
with u needs to be estimated): = Sp C Sy, = Sq = Sy, = Sg_(Sa) is
empty

(KTH) A geometric approach ERNSI 2007 31/64



®=[¥ 0

Suppose m > n (i.e. at least as many parameters associated with w as
with u needs to be estimated): = Sp C Sy, = Sq = Sy, = Sg_(Sa) is
empty=

No improvement (regardless of the power of w).

A geometric approach ERNSI 2007 31/64
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Structural results: Adding sensors
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Structural results: Adding sensors

OE system (e; is WGN with variance \.)

v = G(q,0)us + e
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Structural results: Adding sensors

OE system (e; is WGN with variance \.)
ye = G(q,0)ur + e

Investment issue ($$$$$): Will buying an additional, very accurate,
sensor

z = M°(q)G°(q)ut + wy

where {w;} is WGN with variance \,, << )., increase the accuracy of
the estimate of 67?
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Structural results: Adding sensors

OE system (e; is WGN with variance \.)
ye = G(q,0)ur + e

Investment issue ($$$$$): Will buying an additional, very accurate,
sensor

z = M°(q)G°(q)ut + wy

where {w;} is WGN with variance \,, << )., increase the accuracy of

the estimate of §?
w

. %&z
G

-

Y

(KTH) A geometric approach ERNSI 2007 32/64



Structural results: Adding sensors

Sensor dynamics unknown and needs to be estimated:

M(q, B), where g € R1*"5,

(KTH) A geometric approach ERNSI 2007 33/64



Structural results: Adding sensors

Sensor dynamics unknown and needs to be estimated:

M(q, B), where g € R1*"5,

ML estimation with two sensors =

U T G(0°) A=MG'(6°)
- On x1 LGOM/(ﬁO)
8 Vo
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Structural results: Adding sensors

Sensor dynamics unknown and needs to be estimated:

M(q, B), where g € R1*"5,

ML estimation with two sensors =

R ! R /
G'(0°) —=M°G'(0°
R R iy
0715)(1 \/T:G M (/8 )
No improvement whatsoever if \/%M °G’(0°) spanned by rows of
\/%GOM/(IBO).

(KTH) A geometric approach ERNSI 2007 33/64



Structural results: Adding sensors

Example: £,-gain estimation
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System G and sensor M of FIR type.
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J(0) = ¢

(KTH) A geometric approach ERNSI 2007 34/64



Structural results: Adding sensors

Example: £,-gain estimation

System G and sensor M of FIR type.

J(0) = ¢

There is no sensor that can improve the accuracy of .J, even if the
sensor only contains one single unknown parameter and the sensor is
virtually noise free.

(KTH) A geometric approach ERNSI 2007 34/64



@ Analysis of properties of SISO LTI systems
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Properties of SISO LTI systems
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Properties of SISO LTI systems

v = [0 H@o] ] = T@on
_[SR@) ~C@s@H@] [r0)] _
x() = [SOF@ ~COSDH@] ] pge

Closed loop: y(t) = T(g, 0)U(q)&(t)
1
 VAHo(2)

Prediction error gradient: W(z) T'(2,0°) U, (2) />

(KTH) A geometric approach ERNSI 2007 36/64



Properties of SISO LTI systems

Closed loop: y(t) = T(q, 0)U (q)&(t)

.. 1 o 1/2
Prediction error gradient: ¥(z) = ————T"(z,0°)U,(2)®
VAoH,(2) ¢
Open loop: ¥(z) = [\/i(zz 7G'(2,60°) Hol(z)H’(z,a")]

(KTH) A geometric approach ERNSI 2007 36/64



Properties of SISO linear systems

Which quantities are difficult to estimate?
@ Frequency functions
@ Impulse response coefficients
@ System gains (e.g. £o2)
@ Zeros and poles
@ Control design performance
)
Rules of thumbs??

(KTH) A geometric approach ERNSI 2007 37/64



Properties of SISO linear systems

Basic idea:

@ Parametrize quantity of interest J in terms of the system impulse
response (could also be done using the frequency function)

@ Use re-parametrization together with geometrical approach

(KTH) A geometric approach ERNSI 2007 38/64



Properties of SISO linear systems

The asymptotic variance of an estimated quantity J(G(+)) is given by

AsVarJ = \g ’ Prs, (VJ(z) [#&271) O]>H2
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Properties of SISO linear systems

The asymptotic variance of an estimated quantity J(G(+)) is given by

AsVarJ = \g ’ Prs, (VJ(z) [#&271) O]>H2

Is this really better???
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The variance expression 1(3)

AsVarJ = \g HPTS‘I’ (VJ(Z) [#&8—1) 0]>H2
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" The variance expression 1(3)

AsVarJ = \g HPTS‘I’ (VJ(Z) {#}éa—l) 0]>H2

Definition

(KTH) A geometric approach ERNSI 2007 40/ 64



" The variance expression 1(3)

AsVarJ = )\ HPTSw (V‘](z) [#1;(2‘1) O]>H2

Definition

o dJ(g)Z—k
VJ(z) _; P

Examples: J(-) is
@ the Ls-gain = VJ(z) = 2G(z)
@ areal nmp-zero z, = VJ(z) x ——
Z—Zk

@ an impulse response coefficient g, = V.J(z) = 2%

(KTH) A geometric approach ERNSI 2007 40/ 64



AsVar J = Ao ‘

—
183
&
ol
L
—

@)
.
N———

[N}

Prs, (VJ(2) | s
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The variance expression 2(3)

AsVarJ = )\ ‘ Prs, (VJ(z) [% O])H2

H(z) Py (2)
SHRE 1S the spectral factor of 7 (2) J
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The variance expression 3(3)

AsVarJ = \g ‘ Prs, (VJ(Z) [#&8*1) O]) H2
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" The variance expression 3(3)

AsVarJ = \g ‘ Prs, (VJ(z) [#&27% O])H2

Definition

The space Sy is defined as the linear span of the rows of the predictor
gradient ¥. The space can be written as

Sy = span{H 1 (2)T"(2)U(z)}
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The variance expression 3(3)

AsVarJ = \g ‘ Prs, (VJ(z) [#Igafl) O])H2

Definition

The space Sy is defined as the linear span of the rows of the predictor
gradient ¥. The space can be written as

Sy = span{H 1 (2)T"(2)U(z)}

Example:
For an FIR model structure in open loop the space is

Sy =span {[R(z)z"! 0], -, [R(z)z™" 0]}

where ®,(2) = R(z)R(z71).

(KTH) A geometric approach ERNSI 2007 42 /64



Properties of SISO LTI systems

AsVarJ = \g ’ Prs, (VJ(z) [#&2*) 0]) H2

What does the expression tell us?
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Properties of SISO LTI systems

AsVarJ = \g ’ Prs, (VJ(z) [#&2*) 0]) H2

What does the expression tell us?
How the asymptotic variance depends on

@ Input signal

@ Feedback control
@ Model structure
@ The property itself J(-)
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Properties of SISO LTI systems

AsVarJ = \g ’ Prs, (VJ(z) [#&2*) O]) H2

What does the expression tell us?
How the asymptotic variance depends on

@ Input signal

@ Feedback control
@ Model structure
@ The property itself J(-)

Influence decoupled!

(KTH) A geometric approach ERNSI 2007

43 /64



Properties of SISO LTI systems: Upper bounds

AsVarJ = )\ HPTSq/ (V‘](z) [#&3‘1) 0]>H2
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Properties of SISO LTI systems: Upper bounds

AsVarJ = )\ HPTSq/ (V‘](z) [#&3‘1) 0]>H2

Still think it's too messy?
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Properties of SISO LTI systems: Upper bounds

AsVarJ = )\ HPTSq/ (V‘](z) [#&3‘1) 0]>H2

Still think it's too messy?

Then forget about the projection:

AsvarJ < o (V) [se5m= o))
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Properties of SISO LTI systems: Upper bounds

AsVarJ = )\ HPTSq/ (VJ(Z) {#1;(12)‘1) 0])H2

Still think it's too messy?

Then forget about the projection:
sevaed <30 (0200 [y o))

AsVar J < ||VJ||§I%/<I)Z

Independent of the model structure!

(KTH) A geometric approach ERNSI 2007 44/ 64



Properties of SISO LTI systems: Examples

AsVar J < VI3, a J
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Properties of SISO LTI systems: Examples

AsVar J < VI3, o J
Quantity Upper bound
impulse response coef. | [|1]/%,
7,
Lo-gain vIGI%,
1 N 1 ?
real nmp-zero Goleo)? 112577 | 2y

(Go(2) = Go(2)/(1 = 20271))
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Properties of LTI systems: Frequency function

For an estimate of the frequency function "2, gre 7% we have

dJ

AT _ gk
dgx
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For an estimate of the frequency function "2, gre 7% we have

_ e—jwk
and the expression reduces to

AsCovT(e/,0n) = W7 () > Bl () By, (e/*)W (e7%)
k=1
where W (z) £ /Ao H,( 1/2 (2)

and where {B;}}_, is any orthonormal basis for the space Sy.
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Properties of LTI systems: Frequency function

For an estimate of the frequency function "2, gre 7% we have

_ e—jwk
and the expression reduces to

AsCovT(e/,0n) = W7 () > Bl () By, (e/*)W (e7%)
k=1
where W (z) £ /Ao H,( 1/2 (2)

and where {B;}}_, is any orthonormal basis for the space Sy.

Same expression as given by Xie& Ljung (2001),
Ninness&Hjalmarsson(2003,2004)

(KTH) A geometric approach ERNSI 2007
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Properties of SISO LTI systems: MV control

Minimum phase system with 1 time delay = MV-controller

H,-1

KMV(G07H0) G 9
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Minimum phase system with 1 time delay = MV-controller

H,—1
KMV(G07H0) =

Performance of any controller
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Minimum phase system with 1 time delay = MV-controller

H,—1
KMV(G07H0) =

Performance of any controller

Certainty equivalence control

KMV(G(q7 éN)v H(Qa éN))
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Properties of SISO LTI systems: MV control

Minimum phase system with 1 time delay = MV-controller

H,-1
Go

KMV(G07 Ho) =

Performance of any controller
V(K) 2 E [(y — e0)’]
Certainty equivalence control
Kw(G(q,0n), H(q,0n))
What can we say about

~

J(On) 2 V(Kuw(G(q,0n), H(g,0n)))  ???

(KTH) A geometric approach

ERNSI 2007

47/ 64



.= Properties of SISO LTI systems: Example 2 -

Minimum variance control

An old problem:
Gevers and Ljung (1986):
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Properties of SISO LTI systems: Example 2 -

Minimum variance control

An old problem:
Gevers and Ljung (1986):

FNNY IN) = :
0J = lim N - BJON) = [ Xolly oy 7.

x,= Yo [t )

High model order approximation of AsCov T'(¢/%, Oy) yields

8.J &~ 6.Jno £ m|| X2 v (mis the model order)
v®Px
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Properties of SISO LTI systems: Example 2 -

Minimum variance control

An old problem:
Gevers and Ljung (1986):

0J £ lim N - EJ(0y) = |

[t -

2
’XO‘|ASCOVT(-,éN)

Xo =

High model order approximation of AsCov T'(¢/%, Oy) yields

8.J &~ 6.Jno £ m|| X2 v (mis the model order)
v®Px

Optimization of §.J;, yields that closed loop control with MV-controller
optimal. Reference signal excitation plays no role.
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Properties of SISO LTI systems: Example 2 -

Minimum variance control

An old problem:
Gevers and Ljung (1986):

5JéNlim N - EJ(Oy) = |

[t -

2
’XO‘|ASCOVT(-,éN)

Xo =

High model order approximation of AsCov T'(¢/%, Oy) yields

8.J &~ 6.Jno £ m|| X2 v (mis the model order)
v®Px

Optimization of §.J;, yields that closed loop control with MV-controller

optimal. Reference signal excitation plays no role.
Minimum cost: 6J,, = Aom

(KTH) A geometric approach ERNSI 2007

48 /64



0J = HXOH?ASCOVT

(Con) NoT
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Properties of SISO LTI systems: MV control

_ 2 _
—”XOHASCOVT(V,éN)’ Xo = H, [G_o _1]

Exact expr.: AsCov (e, 0x) = W () Y " B (e/*)By(e7)W (ei)
k=1
where W (z) £ /Ao H,( 1/2 (2)
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Properties of SISO LTI systems: MV control

_ 2 _
—”XOHASCOVT(V,éN)’ Xo = H, [G_o _1]

Exact expr.: AsCov (e, 0x) = W () Y " B (e/*)By(e7)W (ei)
k=1
where W (z) £ /Ao H,( _1/2 (2)

Write By, = [B,f, BH]. Then S|mple algebra gives

57 =\ ZHZ B + o ZHBHH

where Z, 1 <H0 -1 KSOHO) Vo

T S.R Go

(KTH) A geometric approach ERNSI 2007 49 /64



Minimum variance control: A global lower bound
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Minimum variance control: A global lower bound

n n
57 =20 01120 BE[F + 20 1)
k=1 k=1
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Let ny number of parameters that only influence noise model H.
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Minimum variance control: A global lower bound
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Let ny number of parameters that only influence noise model H.
= ny rows of ¥ of the form [0, X]
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Minimum variance control: A global lower bound

n n
57 =20 01120 BE[F + 20 1)
k=1 k=1

Let ny number of parameters that only influence noise model H.
= ny rows of ¥ of the form [0, X]
= ny basis functions By, of the form B, = [0, Bf].
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Minimum variance control: A global lower bound

n n
57 =20 01120 BE[F + 20 1)
k=1 k=1

Let ny number of parameters that only influence noise model H.
= ny rows of ¥ of the form [0, X]

= ny basis functions By, of the form B, = [0, Bf].

But then

n n ny
S1=0 3 20 BEI + 0SB = 0 D 1B = doms
k=ny+1 k=1 k=1
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Minimum variance control: A global lower bound

n n
57 =20 01120 BE[F + 20 1)
k=1 k=1

Let ny number of parameters that only influence noise model H.
= ny rows of ¥ of the form [0, X]

= ny basis functions By, of the form B, = [0, Bf].

But then

n n ny
S1=0 3 20 BEI + 0SB = 0 D 1B = doms
k=ny+1 k=1 k=1

since 1 = || Byl|* = [1BF 1 + I1B{|I°

(KTH) A geometric approach ERNSI 2007 50/ 64



Minimum variance control: A global upper bound
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Minimum variance control: A global upper bound

57 =X 3|12 BEIP + 20 > |18
k=1 k=1
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57 =X 3|12 BEIP + 20 > |18
k=1 k=1

where Z, = ! <H" -1 KSOHO) Vo

SoR G,

Let K be the minimum variance controller = Z, =0

= 6= [IBI]" < Aon
k=1
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Minimum variance control: ARMAX models

A(q)ye = B(q)ut + C(q)er

1 1 n

B(g)=big” +...+bu,qg ™, AlQ)=14+a1¢  +...+an,q¢ ",

i) using minimum variance control in the identification experiment
results in a cost §.J that satisfies the bounds

Aone < 0J < No(ng + np + ne — min(ng, ne))

i) minimum variance control is optimal and yields the minimum
achievable cost §J = A\, n. when

ne >ng, and C,— A, = B,X

for some polynomial X.
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Minimum variance control: ARMAX models

A(q)ye = B(q)ut + C(q)er

B(q) = big .+ bn,g ", Alg) =1+ alg .+ an,q ",

i) using minimum variance control in the identification experiment
results in a cost §.J that satisfies the bounds

Aone < 0J < No(ng + np + ne — min(ng, ne))

i) minimum variance control is optimal and yields the minimum
achievable cost §J = A\, n. when

ne >ng, and C,— A, = B,X

for some polynomial X.
Result ii) is a generalization of Theorem 1 in Hildebrand&Solari 2007
which covers the case B, constant and n. > n,.
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Properties of SISO LTI systems: Open vs closed

Is open loop or closed loop identification better when the input
spectrum due to the reference signal is fix?
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Properties of SISO LTI systems: Open vs closed

Is open loop or closed loop identification better when the input
spectrum due to the reference signal is fix?

AsVarJ = \g HPIS‘I’ (VJ(Z) [#I;Q—l) 0]>H2

|RS,|? fix =
2
AsVarJ = \g

P ([o])

= Open or closed loop operation only affects the subspace Sy

where f is fix.
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Box Jenkins models

T T T T

S\I/ol = Span{ |:a01:| [ |:a89:| ’ |:,;)1:| y T [PY,’OL’V‘,] }
ar]” Qn, 101" 01"

Sve :Span{[ﬂl] T [ﬂne] ’[w] T [%n] }
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Properties of SISO LTI systems: Open vs closed

Box Jenkins models

T T T T

Sw,, = Span{ [O(‘)l] e [0‘89] ’ [31] o [’Y?Ln] }
ar]” Qng 101" 01"

Sea :Span{ [ﬂl] n [ﬁne] ’ [w] v [%n] }

01" 0]
But Sy,, € Sv, = Sw,, & Span { [51] C [ﬂne] }

andProqu,ol{[f O]}:Projsq,+{[f O]}

AsVar J(6.) < AsVar J(0,;)

c.f. Bombois et al and Aguero et al.
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@ A non-linear sample
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yr = G(q, B)ze(a) +er, () = X(ug, )
Assumptions
@ G(z,B,) is in the span of G'(z, 3,).
9 2.(ay) is separable and X (z, «,) is invertible wrt z.

Yokl 1B (ele)?

D, (eIw)

1 /d o) d ,
+t1 (alog@x(e]“")) N (@ logéz(ej“’o))

where {B#},” | is any orthonormal basis for the row space of R,G'(;3,)
where R, is the stable minimum phase spectral factor of ®,.

AsVar G(e7°, Bn) = Ao

v

(KTH) A geometric approach ERNSI 2007 56 /64



A nonlinear sample: Hammerstein systems

yr = G(q, B)ze(a) +er, () = X(ug, )
Assumptions
@ G(z,B,) is in the span of G'(z, 3,).
9 2.(ay) is separable and X (z, «,) is invertible wrt z.

Yokl 1B (ele)?

D, (eIw)

1 /d o) d ,
+t1 (alog@x(e]“")) N (@ logéz(ej“’o))

where {B#},” | is any orthonormal basis for the row space of R,G'(;3,)
where R, is the stable minimum phase spectral factor of ®,.

AsVar G(e7°, Bn) = Ao

Generalization of Ninness and Gibson 2002.
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@ Input design
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Open loop input design

1 [T By (V)
min — .
o, 2m J_. Dy(ed?)

s.t. AsVar J(0y) <

Q|+

(« is the precision)
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Open loop input design: FIR example (again)

—1

Prs, (VJ(2) |spiny 0]) H2

= o [[Prs, (VI [mi o))

AsVar J = g ‘
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Open loop input design: FIR example (again)

AsVar J = \g ‘ Prs, (VJ(Z) [5‘(7{[1%1_) O])H2

= Xo HPrsq, (VJ(z) [mzl—l) O]>H2

Sy =span {[R(z)z"1 0],---,[R(z)z™™ 0]}
where ®,(z) = R(2)R(z™1).
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Open loop input design: FIR example (again)

AsVarJ = \g ‘ Prs, (VJ(z) [5‘(7{[1%1_) O])H2

DI

Sy =span {[R(z)z"1 0],---,[R(z)z™™ 0]}
where ®,(z) = R(2)R(z™1).
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Open loop input design: FIR example (again)

AsVarJ = \g ‘ Prs, (VJ(z) [5‘(7{[1%_) O])H2

DI

Sy =span {[R(z)z"1 0],---,[R(z)z™™ 0]}
where ®,(z) = R(2)R(z™1).

=)Ao HPqu, (VJ(z) [R( L

Recall: V.J(z2) = Y52, 1827k = 3720 ) Apz~F (A4 € R assumed)

Assume S°2° A1z F = Q(2)Q(z7Y)
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' Open loop input design: FIR example (again)

Pick @, (z) = Ao\ Q(2)Q(z 1)
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Open loop input design: FIR example (again)

Pick @, (z) = Ao\ Q(2)Q(z 1)

AsVarJ = )\ HPFS\I/ <VJ(Z) [R(%r) O]>H2

- Oé)\l

1
=—1|P
Oz)\l qu,

1 e _
= — ||Prs, (z 12>\k+12 g [Q(zl—T)

= [Prs (7 e@ae [ge

= L s, () )
1 2_ 1

= o I[z7'Q(z) 0]||" = o 1Q

(KTH) A geometric approach

ERNSI 2007
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FIR example: Summary
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FIR example: Summary

Assumption: Y2 A1z = Q(2)Q(z71)

Dy(2) = XoaM1Q(2)Q(z7") = AsVar J(Oy) < 1

With slightly more effort can show that the above spectrum solves
L [™ &, (ev)

B o | By (e3)

dw, s.t. AsVarJ(0y) <

Q|+
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@ nmp-zero estimates: same cost regardless of model/system order
(robustness)!
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FIR example: Summary

Assumption: Y2 A1z = Q(2)Q(z71)

(pu(z) - )\oa’)\lQ(z)Q(Zil) = AsVar J(éN) <

1
a

With slightly more effort can show that the above spectrum solves

Q|+

LT By () A
- - L <
min 27r/ B, () dw, s.t. AsVarJ(Oy) <

—T

@ Minimum cost = a\?

@ All problems with same d.J/dg; have same cost!

@ nmp-zero estimates: same cost regardless of model/system order
(robustness)!

@ Little or no bias error

@ Generalization to other model structures

@ Generalization to identification of a frequency band in poster
session on Monday (Rojas, Barenthin and Hjalmarsson)
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Geometric analysis of the asymptotic variance (assuming only
variance errors).
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Summary

Main contribution
The methodology!
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